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Abstract—Structural node similarity is widely used in analyzing complex networks. As one of the structural node similarity
metrics, role similarity has the good merit of indicating automorphism (isomorphism). Existing algorithms to compute role similarity (e.g., RoleSim and NED) suffer from severe performance
bottlenecks, and thus cannot handle large real-world graphs. In
this paper, we propose a new framework StructSim to compute
nodes’ role similarity. Under this framework, we prove that
StructSim is guaranteed to be an admissible role similarity metric
based on the maximum matching. While maximum matching is
too costly to scale, we then devise the BinCount matching to
speed up the computation. BinCount-based StructSim admits a
precomputed index to query one single pair in O(k log D) time,
where k is a small user-defined parameter and D is the maximum
node degree. Extensive empirical studies show that StructSim is
significantly faster than existing works for computing structural
node similarities on the real-world graphs, with comparable
effectiveness.
Index Terms—Node Similarity, Role Similarity, Efficiency,
Scalability.

I. I NTRODUCTION
Structural node similarity is an important metric in graph
analysis, and hence has attracted many attentions in the
academia [3], [4], [10]. Among these efforts, role similarity
[4] stands out because of the property of automorphism
confirmation1 , that the similarity between two nodes u and v is
1 (the maximum similarity value) if there is an automorphism
from u to v. In this paper, given an unlabelled and undirected
simple graph, we study the problem of computing nodes’
structural similarity with automorphism confirmation, or more
specifically, the role similarity. The term “role” literally refers
to the role that a node plays in the graph. Examples of roles
are a scholar’s academic rank in the academia, enzymes in the
PPI network [1] and authorities in the web graph [6], to name
a few. An effective way to infer the role of a node in a graph
is to encompass the configuration of its neighbours. In this
sense, we can evaluate the role similarity between two nodes
by cross-comparing their contexts of neighbourhood.
Applications. Role similarity is adopted in a wide scope of
applications. In social science, role similarity can facilitate
role discovery [9]. In bioinformatics, role similarity can be
used to predict the function of an unknown protein, given that
proteins with similar roles in the PPI network have similar
functions [1]. In the world trade network, role similarity is
useful for predicting the position of a country in the world
1 Note it is isomorphism confirmation while computing similarity between
nodes in the different graphs.

system [8]. In a set of IP communication graphs of different
time sequences, we can perform role analysis in one graph,
and leverage role similarity to explore roles in the others
[2]. Other applications include classifying or clustering nodes
in the graphs, recommending nodes with similar roles, and
detecting anomalous nodes.
State-of-the-art. Jin et al. [4] defined the properties an admissible role similarity metric should satisfy, in which automorphism confirmation is the most important one. The authors
first proved that SimRank, a representative structural similarity
measure, fails to guarantee the automorphism confirmation.
Thus, SimRank is inappropriate to measure role similarity.
The authors then proposed RoleSim as the first admissible
role similarity metric. The RoleSim algorithm2 inherits the
framework of SimRank to compute the role similarities of all
pairs of nodes in an iterative way.
Zhu et al. [10] proposed to compute structural node similarity by utilizing the node’s hierarchical structure - the kadjacent tree. The authors then proposed the NED distance
metric between two nodes as the summation of the levelwise tree edit distance of the respective k-adjacent trees.
Note that NED is originally a distance metric, while it can
be trivially turned into a similarity metric via normalization.
For consistency, we refer NED as the corresponding similarity
metric.
Motivations. RoleSim and NED are the state-of-the-art algorithms to compute role similarity, but both have severe
performance bottlenecks, hence only scale to million-scale
graphs. RoleSim relies on a maximum matching of the neighbours to guarantee the automorphism confirmation, while it
requires O(kn2 d2 log d) time to compute the similarities of
all pairs of nodes, where k is the number of iterations, n
is the number of nodes and d is the average degree. This
apparently hinders applying RoleSim to large graphs. In order
to speed up the computation, the authors further proposed
IcebergRoleSim [5] that only computes node pairs whose
similarities are guaranteed to be larger than a given threshold.
While this optimization to some extent boosts the algorithm, it
does not improve the time complexity in the worst case. Most
significantly, RoleSim’s iterative framework is constrained to
the all-pair computation. One has to pay the all-pair cost even
2 In the following, we will use the metric (RoleSim e.g.) and the algorithm
to compute the metric interchangeably.

when only interested in ad-hoc queries such as single-pair and
single-source queries.
Unlike RoleSim, NED’s hierarchical framework does not
need the all-pair cost for ad-hoc queries, but it is not scalable
either. Specifically, NED pays O(kτ 3 ) time to query one single
pair, where τ is the average number of nodes in each level of
the k-adjacent trees. Note that NED’s k-adjacent tree is based
on the breadth-first search tree, but it involves the alreadyvisited nodes in multiple levels. As a result, τ often increases
exponentially with respect to k. In the experiment, we witness
τ > 100, 000 for certain nodes in a small graph with only
400 nodes when k = 3, and the cubic time complexity makes
NED impossible to run.
Contributions. We propose StructSim in this paper to resolve
the scalability issues of existing algorithms. Our contributions
are summarized as follows.
(1) A new hierarchical framework named StructSim to compute role similarity. We propose StructSim that follows
the hierarchical framework to better support ad-hoc queries.
StructSim is guaranteed to be an admissible role similarity
metric based on the maximum matching.
(2) Efficient matching algorithm. We devise the BinCount
matching for StructSim to speed up the computation, which
empowers StructSim to handle billion-scale graphs.
(3) Extensive experimental studies. We conduct a case study to
show that StructSim achieves comparable result quality. We
also perform extensive experiments that show StructSim is
significantly faster than the existing algorithms. For example,
on the Astroph dataset, to answer a single-pair similarity query,
StructSim spends less than 1 ms without the index (less than
10 µs with the index), while NED needs more than 300
seconds. For the all-pair similarity computation, StructSim
spends less than 60 seconds, while RoleSim cannot terminate
within one day.
II. PRELIMINARY
In this paper, we consider the undirected and unlabelled
simple graph G = (V, E), where V is the node set and E
is the edge set. We denote the number of nodes |V | and the
number of edges |E| by n and m respectively. For a node
u ∈ V , du denotes the degree of node u and N (u) denotes the
neighbours of u, i.e., N (u) = {v ∈ V |(u, v) ∈ E}. Specially,
d and D denote the average node degree and the maximum
node degree respectively. Given two nodes u and v, we denote
δ(u, v) as the distance between u and v, namely the length
of the shortest path from u to v. Given a subset of the nodes
U ⊆ V , the induced graph G(U ) is defined as a subgraph of
G formed from the nodes in U and all edges among U , namely
G(U ) = (U, E(U )), where E(U ) = {(u, v)|u ∈ U, v ∈ U ∧
(u, v) ∈ E}. We have the following definitions.
Definition 1. (i-H OP N EIGHBOURS ) The i-hop neighbours of
node u, denoted Ni (u), contain all the nodes whose distance to
u are of length i (i ≥ 0), namely, Ni (u) = {v ∈ V |δ(u, v) =
i}. Specifically, N0 (u) = {u} and N1 (u) = N (u).

Definition 2. (i-H OP R EACHABLE N EIGHBOURS ) The i-hop
reachable neighbours of node u, denoted N≤i (u), contains all
the nodes who have a path S
to u with length no more than i
i
(i ≥ 0). Clearly, N≤i (u) = j=0 Nj (u).
Definition 3. ( K -N EIGHBOURHOOD S UBGRAPH ) The k-neighbourhood subgraph of node u is the induced subgraph
G(N≤k (u)) (or Gk (u) for short).
Definition 4. (M ATCHING OF i-H OP N EIGHBOURS ) We define the matching between two sets S1 and S2 , denoted
M (S1 , S2 ), as M (S1 , S2 ) = {(x, y)|x ∈ Sm ∧ y = f (x) ∈
SM }. Here, f : Sm → SM is an injective function, where
Sm is the smaller set and SM is the larger set of S1 ,
S2 . Given nodes u and v, we further denote Mi (u, v) as
the matching of the respective i-hop neighbours Ni (u) and
Ni (v), namely Mi (u, v) = M (Ni (u), Ni (v)). Specially, when
i = 0, M0 (u, v) = {(u, v)}. In this paper, we denote
M (u, v) = M1 (u, v) as the matching of the neighbours.
Definition 5. (G RAPH I SOMORPHISM AND AUTOMORPHIS M ) An isomorphism of graphs G = (VG , EG ) and H =
(VH , EH ) is a bijective mapping between VG and VH , denoted
by σ : VG → VH , such that for any two nodes u and v in G,
(u, v) ∈ EG iff (σ(u), σ(v)) ∈ EH . Specially, automorphism
is an isomorphism mapping G to itself.
Definition 6. (AUTOMORPHIC E QUIVALENCE ) For nodes u
and v in a graph G, if there is an automorphism σ of G
satisfying σ(u) = v, we say that u and v are automorphically
equivalent, denoted u ≡ v.
As a node similarity metric that is inferred from the structural context, role similarity metric [4] has the following five
properties.
Definition 7. (ROLE S IMILARITY M ETRIC P ROPERTIES ) For
a graph G = (V, E), a similarity metric Sim(u, v) that
measures the role similarity between node u and node v should
satisfy:
P1. Range: ∀u, v ∈ V, 0 ≤ Sim(u, v) ≤ 1.
P2. Symmetry: ∀u, v ∈ V, Sim(u, v) = Sim(v, u).
P3. Automorphism confirmation: If u ≡ v, Sim(u, v) = 1,
where u ≡ v denotes that u and v are automorphically
equivalent.
P4. Transitive similarity: ∀w ∈ V , Sim(u, w) = Sim(v, w) if
u ≡ v.
P5. Triangle inequality: ∀u, v, w ∈ V , Dist(u, v) ≤
Dist(u, w)+Dist(v, w), where Dist(u, v) = 1−Sim(u, v).
According to [4], a similarity measure is an admissible role
similarity metric if it satisfies all the five properties.
In this paper, we study the problem of computing the
admissible role similarity metric (Definition 7) for any pair
of nodes on an undirected and unlabelled simple graph.
III. O UR A PPROACHES
As both RoleSim and NED are inefficient to compute,
we propose the StructSim framework in this paper that
bases the role similarity computation on the hierarchical kneighbourhood subgraphs. In the following, we first overview

the framework by showing how k-neighbourhood subgraph
is leveraged to compute the similarity. Then, we prove that
StructSim is an admissible role similarity metric based on the
maximum matching and give the complexity analysis. Finally,
we propose BinCount matching to speed up the computation
and analyze the complexity of the algorithm.
A. The StructSim Framework
We outline the framework of StructSim in Algorithm 1.
First of all, we assign the initial similarity value of the node
pair as the degree ratio according to RoleSim in line 1.
Then, StructSim computes the similarity of the node pair via
the weighted average of level-wise similarities between their
respective k-neighbourhood subgraphs. Specifically, we deploy
two operations - Matching and Delta - to dynamically
update the similarity value level by level. At each level i,
we can get the i-hop neighbours Ni (u) and Ni (v) from
their k-neighbourhood subgraphs (line 3). The Matching
operation (line 10), as the name suggests, aims at finding
a matching Mi (u, v) for Ni (u) and Ni (v). Given Mi (u, v),
the Delta operation (line 11) then computes the delta value
of current level ∆i (u, v), which is a summation of f (x, y)
for each (x, y) ∈ Mi (u, v), where f : (x, y) → [0, 1] is
a predefined similarity value of the two nodes. Finally, the
similarity value is updated as a weighted average between the
old value and ∆i (u, v) (line 12). The Matching and Delta
are critical operations for StructSim, which can affect both
the admissibility and performance of the algorithm.
Algorithm 1: Framework for StructSim Computation

1
2
3
4
5
6

Input : The graph G, a node pair (u, v) and parameter k.
Output : StructSim(u, v).
min(du ,dv )
S ← max(d
;
u ,dv )
foreach level i ∈ [1, k] do
Get i-hop neighbours Ni (u) and Ni (v) from Gk (u) and
Gk (v);
if Ni (u) = ∅ and Ni (v) = ∅ then
break;
else

8

if Ni (u) = ∅ or Ni (v) = ∅ then
∆i (u, v) ← 0;

9

else

7

(Matching) Computing the matching
Mi (u, v);
P
(x,y)∈Mi (u,v) f (x,y)
;
(Delta) ∆i (u, v) ← max(|N
i (u)|,|Ni (v)|)

10

11
12
13

S ← (1 − ωi )S + ωi ∆i (u, v);
return S.

B. Maximum Matching
Our primary goal is to guarantee the admissibility of
StructSim according to Definition 7. Inspired by RoleSim, our
first attempt is maximum matching, and we accordingly call
the algorithm StructSim-Max. Specifically, we compute the
matching in line 10 that maximizes the delta value in line 11.
Here we use the degree ratio as the predefined similarity value,
min(d ,d )
namely f (x, y) = max(dxx ,dyy ) . Intuitively, we want to match
the nodes that are most similar regarding their degrees.

We denote the maximum matching at the ith level of u, v
as Mimax (u, v), and write StructSim using the following
equation:
P
k ω̃
X
i
(x,y)∈Mimax (u,v) f (x, y)
StructSim(u, v) =
, (1)
max(|Ni (u)|, |Ni (v)|)
i=0
where f (x, y) =

min(dx ,dy )
max(dx ,dy )

and ω̃i =

Qk

j=i+1 (1

− ωj )ωi .

Pk

Specifically, ω0 = 1 and
i=0 ω̃i = 1. We next prove the
admissibility of StructSim-Max.
Theorem 1. (A DMISSIBILITY ) StructSim with the maximum
matching is an admissible role similarity metric.
P

(x,y)∈M max (u,v)

f (x,y)

Proof. Denote ∆i (u, v) = max(|Nii (u)|,|Ni (v)|) in Equation 1, we just need to prove that for ∀i ∈ [1, k], ∆i satisfies
all the five properties in Definition 7.
Considering two abstract nodes a and b, node a is linked
and only linked to all the nodes in Ni (u) and node b is linked
and only linked to all the nodes in Ni (v). Note that after
linking to the abstract nodes, the degree of nodes in Ni (u)
and Ni (v) remains the same as before. By this definition, we
know that if u ≡ v, a ≡ b holds since there is a one-toone equivalence
P between nodes in Ni (u) and Ni (v). Then
(x,y)∈M max (u,v)

f (x,y)

∆i (u, v) = max(|Nii (u)|,|Ni (v)|)
RoleSim is with the degree-ratio
has been proved to satisfy all the
[4], ∆i meets all the properties as

= RoleSim1 (a, b), where
initialization. As RoleSim
properties at any iteration
well.

Complexity Analysis. The time complexity of StructSimMax is O(nd + |Ni |2 log |Ni |), where the term nd comes
from online constructing k-neighbourhood subgraphs, and
|Ni |2 log |Ni | term is from computing the maximum matching
by the greedy algorithm, in which |Ni | is the average size
of the i-hop neighbours. Note that |Ni | = n in the worst
case, which clearly hinders its application to large real-world
graphs. RoleSim and NED also suffer from such performance
bottleneck. With the constraint of the algorithmic structures,
there remain few spaces to further improve RoleSim and NED.
However, opportunities still present with the flexibility of the
StructSim framework in Algorithm 1.
C. BinCount Matching
We further introduce the BinCount matching in order to
accelerate the computation, and accordingly call the algorithm
StructSim-BC. We next show how we adjust the Matching
and Delta operations in Algorithm 1 to implement the
StructSim-BC algorithm.
Matching Operation. Given two nodes u and v and their kneighbourhood subgraphs, we arrange the matching process in
the ith (1 ≤ i ≤ k) level as: we group Ni (u) and Ni (v) into
b bins according to the degrees, where the j th (1 ≤ j ≤ b)
bins are denoted as Nij (u) and Nij (v) respectively, then we
compute the matching Mi (u, v) as
Mi (u, v) =

b
[
j=1

M (Nij (u), Nij (v)),

(2)

where M (Nij (u), Nij (v)) is a matching of the nodes in the
j th bins.
We then arrange the bins based on the logarithmic value
of the degree. Specifically, given a node u ∈ V and its i-hop
neighbours Ni (u), let b = 1 + blog Dc, we will accordingly
divide Ni (u) into b bins, where the j th bin Nij (u) contains
the nodes of degree in the range [2j−1 , 2j − 1]. Given the bin
arrangement, we define the BinCount set for Ni (u) as
Bi (u) = {bc1i , bc2i , . . . , bcbi },

(3)

where bcji = |Nij (u)|. Note that the BinCount sets of each
level can be trivially computed while constructing the kneighbourhood subgraphs.
Delta Operation. We look into a proper predefined similarity
value of two matched nodes (x, y), namely f (x, y) in line 11
of Algorithm 1. We agree with the maximum matching process
that degree ratio is a proper measurement of the predefined
similarity of two nodes. Given the two nodes whose degree are
within the range [2j−1 , 2j − 1] (i.e. they are in the same bin),
it is obvious that the degree ratio is within ( 12 , 1], thus we may
use any value in between for f (x, y). In this paper, we simply
set f (x, y) = 1 which already reaches satisfactory results. By
doing so, the Delta operation is accordingly simplified as
Pb
j
j
j=1 min(bci (u), bci (v))
∆i (u, v) =
,
(4)
Pb
Pb
max( j=1 bcji (u), j=1 bcji (v))
where bcji (u) ∈ Bi (u) and bcji (v) ∈ Bi (v).
Complexity Analysis. The complexity of StructSim-BC is
O(k log D + nd), where D is the maximum node degree and
the term nd comes from online computing BinCount sets.
Note that we can precompute the BinCount sets as index and
improve the complexity to O(k log D) for a single-pair query.
An extra benefit of doing this is that we can trivially do the
all-pair similarity computation using O(n2 k log D) time while
occupying only O(kn log D) space (for index).

Dataset
Brazil
Europe
USA

Dataset
Astroph
Google
Twitter

TABLE I
P RECISION ON A IR -T RAFFIC N ETWORKS
RoleSim NED StructSim-Max StructSim-BC
0.716
0.725
0.713
0.721
0.526
0.510
0.511
0.557
0.540
0.538
TABLE II
RUNNING TIME ( S )
NED
336.9
49.7
-

Query
SS-Max
7.0
1.1
-

Time
SS-BC
0.6ms
0.8ms
10.4

SS-BC∗
1.3µs
2.8µs
0.98µs

All-Pair Time
RoleSim SS-BC∗
63171
57.9
79058.5
-

B. Efficiency on Three Large Networks
We perform query processing and all-pair computation
on Astroph, Google and Twitter datasets, in which Astroph
contains 18K nodes and 198K edges, Google has 875K nodes
and 4M edges and Twitter includes 41M nodes and 1202M
edges. Table II summarizes the running time of different
algorithms regarding the cases of single-pair query and allpair computation, in which SS is shorted for StructSim,
SS-BC∗ denotes StructSim-BC with precomputed index and
‘-’ denotes the out-of-memory case. We can observe that
StructSim variants are significantly faster than the baseline
algorithms, and StructSim-BC is the only one that can query
on graphs with billions of edges.
V. C ONCLUSION
In this paper, we present a new framework, namely
StructSim to compute nodes’ role similarity. Different from
SimRank-based iterative framework, StructSim follows the
hierarchical scheme, which achieves a more efficient role similarity computation demonstrated by the extensive experimental
results on the real-world graphs.
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